Abstract. Differential geometry of the deformed pillow, cones and lenses is studied. More specifically, a new notion of smoothness of algebras is proposed. This notion, termed differential smoothness combines the existence of a top form in a differential calculus over the algebra together with a strong version of the Poincaré duality realized as an isomorphism between complexes of differential and integral forms. The quantum two-and three-spheres, disc, plane or the noncommutative torus are all smooth in this sense. It is shown that noncommutative coordinate algebras of deformations of several examples of classical orbifolds such as the pillow orbifold, singular cones and lens spaces that are known to be homologically smooth are smooth in the hereby introduced sense too. Riemannian aspects of the noncommutative pillow and Moyal deformations of cones are also studied and spectral triples are constructed. In contrast to the classical situation, these triples satisfy the orientability condition that is known to be broken for orbifolds.
Introduction
It is often the case that a deformation of a singular variety or an orbifold produces a noncommutative object that behaves as if it were a smooth manifold. This observation underlies the theory of noncommutative resolutions [30] . Recent papers [3] and [2] contain illustrations of this phenomenon on the algebraic level on a number of (families) of explicit examples such as quantum teardrops [6] , quantum (classically singular) lens spaces [14] , the noncommutative pillow [1] (see also [11] and [12, Section 3.7] ) and quantum cones. In [3] and [2] the smoothness is understood in the homological sense, i.e. as an existence of a finite-length resolution of algebras by finitely generated projective bimodules; see [29, Erratum] , [18] . In the present article we establish that the noncommutative pillow, quantum cones and lens spaces behave as smooth objects also from the point of differential and spectral geometry.
The idea of differential smoothness of algebras is rooted in the observation that a classical smooth orientable manifold in addition to de Rham complex of differential forms admits also the complex of integral forms, isomorphic to de Rham complex; [19, Section 4.5] . De Rham differential can be understood as a special left connection, while the boundary operator in the complex of integral forms is an example of a right connection. In the standard (commutative) differential geometry the knowledge of integral forms and right connections does not contribute to better understanding of the structure of a manifold, the existence of the Hodge star and the Poincaré duality are fully sufficient. On the other hand it becomes useful in defining the Berezin integral on a supermanifold, and precisely in this context right connections and integral forms have been introduced in [19, Chapter 4] . Supergeometry might be interpreted as one of the predecessors or special cases of noncommutative geometry thus it seems quite natural to expect that the (rather mild) usefulness of integral forms in supergeometry should become more pronounced in the noncommutative setup. This expectation led to the introduction of a noncommutative version of a right connection termed a homconnection (or divergence) in [2] and then to the associated complex of integral forms in [5] .
While every algebra admits a differential calculus (albeit not necessarily of any geometric interest), a priori not every algebra must admit a complex of integral forms relative to a given differential calculus. The main results of [5] show that divergences (though not necessarily flat) can be defined for calculi generated by twisted multiderivations and the examples studied there feature complexes of integral forms isomorphic to noncommutative de Rham complexes (of dimension equal to the classical dimension of non-deformed spaces). This can be thought of as a strong version of Poincaré duality, since it is an isomorphism of the complexes of differential and integrable forms, not just of their homologies, that is observed. Motivated by these examples, we introduce here the term integrable differential calculus to indicate a calculus that is isomorphic to the associated complex of integral forms. Informally, the algebra that is a deformation of the coordinate algebra of a classical variety and has integrable differential calculus of classical dimension can be understood as being differentially smooth. More formally, an affine or finitely generated algebra with integer Gelfand-Kirillov dimension, say n, is said to be differentially smooth if it admits an integrable n-dimensional differential calculus that is connected in the sense that the kernel of the differential restricted to the algebra consists only of scalar multiples of the identity. In this sense the algebras studied in [5] are smooth, a fact that should not be too surprising, since these are q-deformations of classically smooth compact manifolds (the two-and three-spheres and planes). The novelty of the present paper is that the differential smoothness is established of algebras that describe noncommutative versions of classically singular spaces (orbifolds). In particular we prove Theorem A. Coordinate algebras of the noncommutative pillow, cones and lens spaces are differentially smooth, i.e. they admit connected integrable differential calculi of dimensions 2, 2 and 3 respectively.
Theorem A indicates that noncommutative coordinate algebras of deformations of some classically non-smooth spaces or orbifolds are not only homologically smooth, but also admit types of differential calculi characteristic of smooth manifolds. In short, at this level at least we are not able to distinguish between noncommutative deformations of manifolds and orbifolds, and should such a distinction be possible it must occur on finer geometric levels. The first such level that should be studied are the Riemannian or metric aspects of differentially smooth algebras, which following [8] are encoded in spectral triples. It was shown in [24] that on the classical level, a spectral triple can distinguish between a manifold and a (good) orbifold in the sense that the orientability condition, meaning the existence of a Hochschild cycle whose image in the differential calculus induced by the Dirac operator is the chirality operator, that holds in the former case fails to hold in the latter. We put the noncommutative pillow and a special case of quantum cones corresponding to the Moyal deformation of the unit disc to the test, and find spectral triples that satisfy a milder version of the orientability condition: we construct cycles but not Hochschild cycles that map to the chirality operator. One might speculate whether the fact that constructed cycles are not Hochschild cycles is a remnant of the singular nature of the classical counterparts of noncommutative manifolds. The construction of spectral triples on any invariant subalgebras with respect to the action of a finite group has been studied in several cases following the standard method of restriction of the known spectral triple over the full algebra. This has been studied for the lens spaces [28] and three-dimensional Bieberbach manifolds [21] allowing for classification of spin structures in the noncommutative counterparts of these manifolds. However, in neither of the constructed examples an orientation cycle was constructed. Although in the q-deformed case the existence of such a cycle could be doubtful (as the spectral triple for the SU q (2) itself has no orientation cycle) it is expected that such a cycle exists for the more regular case of noncommutative quotients of noncommutative torus and θ-deformations. The construction of an orientation cycle presented here for the noncommutative pillow and the Moyal N = 2 cone is the first such result.
Notation. All algebras considered in this paper are associative and unital over the complex field C. If X is a classical geometric space (affine space, manifold, orbifold etc.), O(X q ) denotes the noncommutative coordinate algebra of the (non-existing in a usual sense) quantum space X q . Although we write ΩA for a differential calculus over an algebra A, in order to avoid overloading notation, we write Ω(X q ) for a differential calculus over O(X q ). Similarly,
2. Integrable differential calculi over noncommutative algebras 2.1. Integrable calculi and differential smoothness of affine algebras. By a differential graded algebra we mean a non-negatively graded algebra Ω (with the product traditionally denoted by ∧) together with the degree-one linear map d : Ω • → Ω •+1 that satisfies the graded Leibniz rule and is such that d • d = 0. We say that a differential graded algebra (Ω, d) is a calculus over an algebra A if Ω 0 = A and, for all n ∈ N, Ω n = AdA ∧ dA ∧ · · · ∧ dA (dA appears n-times). In this case we write ΩA. Note that due to the Leibniz rule Ω n A = dA ∧ dA ∧ · · · ∧ dA A too. A differential calculus ΩA is said to be connected if ker d | A = C.1. If A is a complex * -algebra then it is often requested that ΩA be a * -algebra and that * • d = d • * . In this situation one refers to ΩA as to a * -differential calculus. If B is a subalgebra of A, then by restriction of ΩA to B we mean the differential calculus ΩB with Ω n B = BdB ∧ dB ∧ · · · ∧ dB ⊆ Ω n A A calculus ΩA is said to have dimension n, if Ω n A = 0 and Ω m A = 0, for all m > n. An n-dimensional calculus ΩA admits a volume form if Ω n A is isomorphic to A as a left and right A-module. The existence of a right A-module isomorphism means that there is a free generator of Ω n A (as a right A-module), i.e. ω ∈ Ω n A, such that all elements of Ω n A can be uniquely written as ωa, a ∈ A. We refer to such a generator ω as to a volume form on ΩA. The right A-module isomorphism Ω n A → A corresponding to the volume form ω is denoted by π ω , i.e.
Since Ω n A is also isomorphic to A as a left A-module, any volume form induces an algebra automorphism ν ω of A by the formula
Dually to a differential calculus on A one considers its integral calculus; see [2] , [5] . Let ΩA be a differential calculus on A. The space of n-forms Ω n A is an A-bimodule. Let I n A denote the right dual of Ω n A, i.e. the space of all right A-linear maps Ω n A → A. Each of the I n A is an A-bimodule with the actions
The collection of all the I n A, IA = ⊕ n I n A is a right ΩA-module with action
A divergence on A is a linear map ∇ :
A divergence can be extended to the whole of IA, ∇ n : I n+1 A → I n A, by setting
A combination of (2.4) with (2.5) yields the following Leibniz rule, for all φ ∈ I m+n+1 A and ω ∈ Ω m A,
A divergence is said to be flat if ∇ • ∇ 1 = 0. This then implies that ∇ n • ∇ n+1 = 0, for all n ∈ N, hence IA together with the ∇ form a chain complex, which is termed the complex of integral forms over A. The cokernel map of ∇, i.e. Λ : A → coker∇ = A/Im∇ is called the integral on A associated to IA. Note that, in general, it is not guaranteed that a given differential calculus on A will admit a divergence on A and even if it admits such a divergence that it would be flat; see [5] .
Given a left A-module X with action a · x, for all a ∈ A, x ∈ X, and an algebra automorphism ν of A, the notation ν X stands for X with the A-module structure twisted by ν, i.e. with the A-action a ⊗ x → ν(a) · x.
The following definition introduces notions which form the backbone of the majority of this paper.
Definition 2.1. An n-dimensional differential calculus ΩA is said to be integrable if ΩA admits the complex of integral forms (IA, ∇) for which there exist an algebra automorphism ν of A and A-bimodule isomorphisms Θ k : Ω k A → ν I k A, k = 0, . . . , n, rendering commutative the following diagram:
The n-form ω := Θ
Examples of algebras admitting integrable calculi discussed in [5] include the algebra of complex matrices M N (C) with the N-dimensional calculus generated by derivations [9] , [10] , the quantum group SU q (2) with the three-dimensional left covariant calculus [33] and the quantum standard sphere with the restriction of the above calculus.
The following theorem indicates that the integrability of a differential calculus can be defined without explicit reference to integral forms. Theorem 2.2. The following statements about an n-dimensional differential calculus ΩA over an algebra A are equivalent:
(1) ΩA is an integrable differential calculus. (2) There exist an algebra automorphism ν of A and A-bimodule isomorphisms Θ k :
There exist an algebra automorphism ν of A and an A-bimodule map ϑ : Ω n A → ν A such that all left multiplication maps
where the actions · are defined by (2.3), are bijective. (4) ΩA admits a volume form ω such that all left multiplication maps
where π ω is defined by (2.1), are bijective.
The existence of an algebra automorphism ν and maps Θ k : Ω k A → ν I k A that make the diagram in Definition 2.1 commute are parts of the definition of integrability of a differential calculus. We will prove that the Θ k+m satisfy equations (2.7) by induction with respect to m + n.
First, for k + m = 0 (2.7) holds by definition. With the inductive assumption that the formula is true for all k + m < p ≤ n, it needs to be demonstrated that (2.7) is also true for p. Using the commutativity of diagram in Definition 2.1, the Leibniz rule and (2.6), compute:
The inductive assumption and the fact that every element of Ω m A is a linear combination of products of m − 1-forms with exact one-forms, imply the required equality,
The assertion follows by the principle of mathematical induction.
(
Thus ϑ = Θ n and, in particular, it is an A-bimodule map as stated. Again by (2.7), for all ω ′ ∈ Ω k A, 
By assumption Θ k are bijective for k = 1, . . . , n − 1. Note that Θ n = π ω , hence it is bijective too. We will next show that the map
, where ν ω is the algebra automorphism associated to ω via (2.2), is the inverse of Θ 0 . For all a ∈ A,
by the definitions of ν ω and π ω . On the other hand, for all φ ∈ I n A and a ∈ A,
by the definitions of ν ω and π ω and the right A-linearity of φ. Since Ω n A is generated by ω this means that the composite map Θ 0 • Θ Directly from definition (2.8), Θ k satisfy equations (2.7). In particular, they are right A-module maps. Next note that, for all a ∈ A, ω ′′ ∈ Ω n , (2.9)
Thus, for all a ∈ A, ω ′ ∈ Ω k A, and ω ′′ ∈ Ω n−k A,
by the first of equation (2.9). Therefore, all Θ k given by (2.8) are bimodule isomor-
Obviously, the maps ∇ k will make the diagram in Definition 2.1 commute, and, since
We need to prove that ∇ := ∇ 0 is a divergence and that all the remaining ∇ k given by (2.10) are extending ∇ in the sense of equalities (2.5).
For all a ∈ A and φ ∈ I 1 A,
where the second equality follows by the right A-linearity of Θ n−1 , the third one is a consequence of the graded Leibniz rule, the fourth one follows by the right A-linearity of Θ n and by equation (2.7), and the final equality is simply the definition of ∇ in (2.10) and the action (2.3). This proves that ∇ is a divergence.
Observe that setting ω
and then applying Θ −1 k+m one obtains, for all ω ′′ ∈ Ω m A and φ ∈ I n−k A,
This can be used (in the second equality below) to prove (2.5). Take any φ ∈ I m+1 A and ω ′′ ∈ Ω m A, and compute
where the third equality follows by the Leibniz rule, the fourth one is a consequence of the identities (2.7) that all the Θ k obey and the final equality follows by the definitions of ∇ m and the action (2.3). This proves that each of the ∇ k defined by (2.10) is an extension of ∇, and thus completes the proof of the theorem. ⊔ ⊓ Remark 2.3. A volume form ω ∈ Ω n A is an integrating form if and only if it satisfies conditions (4) of Theorem 2.2.
As it stands the integrability of a calculus over an algebra A is a property of the differential graded algebra ΩA rather than a characterization of A itself. To connect this property of ΩA to the nature of A we need to relate the dimension of the differential calculus with that of A. Since we are dealing with algebras that are deformations of coordinate algebras of affine varieties, the Gelfand-Kirillov dimension seems to be best suited here; see [17] or [20, Chapter 8] for a detailed discussion of the Gelfand-Kirillov dimension.
Let A be a finitely generated or affine algebra with generating subspace V. Write V(n) for the subspace of A spanned by 1 and all words in generators of A of length at most n. A is said to have polynomial growth, if there exist c ∈ R and ν ∈ N such that dim V(n) ≤ cn ν for all sufficiently large n. The Gelfand-Kirillov dimension of A is a real number defined as
if A has polynomial growth and is defined as infinity otherwise. In the case of commutative affine algebras with polynomial growth, the Gelfand-Kirillov dimension coincides with the dimension of the underlying affine space (the Krull dimension of its coordinate algebra).
Definition 2.4. An affine algebra with integer Gelfand-Kirillov dimension n is said to be differentially smooth if it admits an n-dimensional connected integrable differential calculus.
For example, the polynomial algebra C[x 1 , . . . , x n ] has the Gelfand-Kirillov dimension n and the usual exterior algebra is an n-dimensional integrable calculus, hence C[x 1 , . . . , x n ] is differentially smooth. The results of [5] establish differential smoothness of coordinate algebras of the quantum group SU q (2), the standard quantum Podleś sphere and the quantum Manin plane. The following example shows that not all algebras are differentially smooth. Proof. Since xy = yx = 0, the algebra A has a basis 1, x n , y n , hence GKdim(A) = 1. Suppose there is a one-dimensional connected integrable calculus ΩA and let Θ 1 :
where ν is an algebra automorphism on A, be the required bimodule isomorphism. The Leibniz rule together with the equalities xy = yx = 0 imply that
Apply Θ 1 to these identities to obtain
where θ x := Θ 1 (dx) and θ y := Θ 1 (dy).
The algebra A admits two types of automorphisms ν i : A → A, i = 1, 2,
with only solutions θ y = yp(y) and θ x = xq(x), where p, q are polynomials. Hence the image by Θ 1 of any one-form must be a polynomial without a scalar term, so 1 cannot lie in Θ 1 (Ω 1 A), and therefore Θ 1 is not surjective. In the case of automorphisms ν 2 , equations (2.12) come out as
Since the algebra is commutative,
which can be solved. If ab = 1 then again both θ x and θ y are polynomials without any scalar terms and, by the same arguments as above, Θ 1 is not surjective which contradicts the assumption that Θ 1 is an isomorphism of bimodules. If ab = 1, then the only solution is θ y = c and θ x = −ac, for some c ∈ C. However, in this case d(ay + x) = 0, which contradicts the assumption that the differential calculus is connected.
Therefore, there are no one-dimensional connected integrable calculi over A, i.e. A is not differentially smooth. ⊔ ⊓ 2.2. Finitely generated and projective integrable calculi. Geometrically the most interesting cases of differential calculi are those when Ω k A are finitely generated and projective right or left (or both) A-modules. Lemma 2.6. Let ΩA be an integrable n-dimensional calculus over A with integrating form ω. Then Ω k A is a finitely generated projective right A-module if there exist a finite number of forms
Proof. The elements ω i are generators of Ω k A, while the equalities
, and then (2.13) guarantees that ω i , φ i form a dual basis for Ω k A, hence Ω k A is projective. To show the implication in the other direction let us assume that Ω k A is finitely generated projective with a basis ω i and the dual basis φ i . Define:
Using the properties of the integrable differential calculus it is easy to show that (2.13) is satisfied. ⊔ ⊓ Lemma 2.7. Let ΩA by an n-dimensional calculus over A admitting a volume form ω. Assume that, for all k = 1, 2, . . . , n − 1, there exist a finite number of forms ω
where π ω and ν ω are defined by (2.1) and (2.2), respectively. Then ω is an integrating form and all the Ω k A are finitely generated and projective as left and right A-modules.
Proof. Conditions (2.14) imply that ω
For all k define,
Then, for all φ ∈ I n−k and ω
where the first of equations (2.9) was used in the derivation of the third equality, and next the right A-linearity of φ and the first of equations (2.14) were employed. On the other hand, for all ω ′ ∈ Ω k A,
by the second of equations (2.14). Therefore, all the ℓ k πω are isomorphisms, and hence ω is an integrating form. ⊔ ⊓ In the set-up of Lemma 2.7, a combination of the form of the inverse of the ℓ k πω with that of the divergence associated to isomorphisms ℓ k πω via (2.10), gives the following formula for the divergence:
, for all φ ∈ I 1 A.
2.3.
A construction of two-dimensional integrable calculi. In this section we construct a class of two-dimensional integrable calculi. Notwithstanding its quite technical nature and rather specialized appearance, the following lemma is applicable in a variety of situations including, of course, those that are subject matter of this article.
Lemma 2.8. Assume that: (a) A is an algebra and B ⊆ A is a subalgebra, hence A is a B-bimodule in a natural way;
(c) there exists a two-dimensional differential calculus ΩB over B with Ω 1 B = A + ⊕ A − as a right B-module, volume form ω and with the product in Ω 1 B given by the formula
for all a ± , b ± ∈ A ± , where σ ± : A ± → A ± are invertible linear maps. Then ΩB is integrable.
Before we start proving Lemma 2.8 let us point to the classical motivation behind it. In classical (complex) geometry, Riemann surfaces can be obtained as quotients of the disc (with hyperbolic metric) by Fuchsian groups. As a result, algebras of functions and modules of (holomorphic or antiholomorphic) sections of the cotangent bundle over such a surface can be embedded in the algebra of functions on the disc and corresponding modules over it. In particular, (anti-)holomorphic sections over a Riemann surface can be expressed in terms of functions on the disc. In the classical situation B should be thought of as functions on a Riemann surface, A as functions on the disc and A ± as (anti-)holomorphic sections on the surface expressed in terms of functions on the disc.
Proof of Lemma 2.8. In view of Theorem 2.2 we only need to show that the map
where the summation of the repeated index here and below is understood. Define a linear map:
and, for all φ ∈ I 1 B,
where we used that s i + a − , r i − a + ∈ B and the fact that φ is a right B-linear map. Now Theorem 2.2 implies that ΩB is an integrable differential calculus as claimed. ⊔ ⊓ A typical situation to which Lemma 2.8 can be applied is to construct an integrable differential calculus over an invariant part of a strongly group-graded algebra. Let G be an Abelian group. Recall that an algebra A is called a G-graded algebra if A = ⊕ g∈G A g and, for all g, h ∈ G, A g A h ⊆ A g+h , and it is said to be strongly-graded if A g A h = A g+h . In the strongly-graded case, for all h ∈ G, A −h A h = A h A −h = A 0 , where A 0 is the invariant subalgebra, i.e. the subalgebra of all elements of A graded by the neutral element 0 ∈ G. In this case, one can choose
, and σ ± to be restrictions of any degree-preserving automorphism of A. For example, Lemma 2.8 provides one with a proof of integrability of the twodimensional differential calculus over the quantum standard Podleś sphere, alternative to that given in [5, Section 4] . In this case A is the coordinate algebra of SU q (2), which is strongly graded by the integer group Z. The invariant part of A is the coordinate algebra of the quantum standard Podleś sphere [23] , h = 1, and the degree preserving automorphism of A is induced by the 3D-calculus on A.
2.4. Integrability and principality. Strongly graded algebras are examples of principal comodule algebras. Let H be a Hopf algebra with bijective antipode. Recall from [7] that a right H-comodule algebra A with coaction ̺ A : A → A ⊗ H is called a principal comodule algebra if the canonical map
is bijective and there exists a right B-module and right H-comodule splitting of the multiplication map B ⊗ A → A. Here B is the coinvariant subalgebra,
Principal comodule algebras play the role of principal fibre bundles in noncommutative geometry and, classically, a quotient of a smooth manifold by a free action of a Lie group is smooth, thus it is natural to expect that if a principal comodule algebra admits an integrable calculus so does its coinvariant algebra. In this section we consider a special case of an integrable differential calculus over a principal comodule algebra that induces such a calculus over the coinvariant subalgebra. Let A be a right H-comodule algebra. A differential calculus ΩA is said to be Hcovariant if ΩA is a right H-comodule algebra with the degree-zero coactions ̺ Ω k A : Ω k A → Ω k A ⊗ H that commute with the differential, i.e. such that
If B is a coinvariant subalgebra of A, then covariant calculus ΩA restricts to the calculus ΩB on B. Clearly, ΩB is contained in the coinvariant part of ΩA, ΩB ⊆ (ΩA) coH , but the converse inclusion is not necessarily true.
Lemma 2.9. Let A be a principal H-comodule algebra with the coinvariant subalgebra B. Let ΩA be an H-covariant n-dimensional integrable calculus with integrating form ω. Assume that:
Then ΩB is an integrable differential calculus and ω is its integrating form.
Proof. By assumption (b), Ω n B ∼ = B with the isomorphism π B ω : Ω n B → B which is the restriction of π
, summation understood in both cases. The map h → can −1 (1 ⊗ h) is known as the translation map. By the properties of the translation map (see [25, 3.4 Remark]), for all ω ′′ ∈ Ω n−k A, one has the inclusion
where the last equality is a consequence of assumption (a). Therefore, for all φ ∈ I n−k B, one can defineφ ∈ I n−k A by
Indeed, take any ω
where the third equality follows by the right A-linearity of π A ω and the fourth one by the fact that h [1] h [2] = ε(h), where ε is the counit of H. Take any φ ∈ I n−k B. By assumption, there exists unique
Hence, for all ω
, and assumption (c) implies that ω ′ ∈ Ω k B. For all k = 1, . . . , n − 1 define the maps
where ω ′ is given by (2.19). We claim that Φ k is the inverse of ℓ
In the converse direction, for all ω ′ ∈ Ω k B,
where ℓ
by (2.18). Since the maps ℓ
10. The assumptions of Lemma 2.9 mean that both A and B have integrable calculi of equal dimensions. Geometrically this limits the applicability of Lemma 2.9 to actions of finite quantum groups.
In view of the construction of the isomorphisms Φ k in Lemma 2.9, the divergence ∇ B : I 1 → B corresponding to the integrable calculus ΩB is related to the divergence
In particular this means that the image of ∇ B is contained in the image of ∇ A , hence it is contained in the kernel of the integral Λ A : A → coker∇ A . By the universal property of cokernels, there must exist unique map χ : coker∇ B → ∇ A connecting integrals on A and B by
In favourable situations, the formula (2.22) allows one to integrate on B using integration on A.
The noncommutative pillow
In this section we study the noncommutative version of one of the prime examples of a good orbifold, (meaning a singular space obtained by a non-free action of a finite group on a smooth manifold) known as a pillow orbifold and obtained as the quotient of the two-torus by the action of the cyclic group Z 2 . [27, Chapter 13].
3.1. Two-dimensional integrable differential calculus over the noncommutative pillow. The coordinate algebra of the noncommutative torus, O(T 2 θ ), is a complex * -algebra generated by unitary V, W subject to the relation
where λ = exp(2πiθ).
We assume that θ is irrational. The algebra map
is an involutive automorphism, and hence it splits O(T is the coordinate algebra of the noncommutative pillow orbifold introduced in [1] . It is generated by x = V + V * and y = W + W * , but it is also convenient to consider z = V W * + V * W , which can be expressed in terms of x and y via (3.3) (1 − λ 2 )z = xy − λyx.
As a vector space O(P θ ) is spanned by 1 and
O(P θ ) can also be identified with an algebra generated by self-adjoint x, y, z subject to relations (3.3) and
It is equation (3.5b) that allows one to interpret P θ as a deformation of the pillow orbifold. Using the relations (3.3-3.5) we can write a linear basis for O(P θ ) in the generators x, y as x k y l and x k (yx)y l , k, l ∈ N. Therefore, the subspace V(n) of words in generators of length at most n has a basis
so O(P θ ) has the Gelfand-Kirillov dimension two.
We now turn to the description of O(T
Clearly,x,ŷ,ẑ ∈ O(T 2 θ ) − , and, in fact Lemma 3.1. The elementsx,ŷ,ẑ generate O(T
We prove by induction thatâ m,n are elements of the left O(P θ )-module generated bŷ x,ŷ,ẑ (the proof forb m,n is similar). First,â 1,0 =x,â 0,1 =ŷ and
Next, fix an n and assume that 
,n is in the module generated byx,ŷ,ẑ. Using the unitarity of V and W and relations (3.1) one finds:
Fix an m and assume that (3.8) is true for all n ≤ k. Then, by the unitarity of W , ). In view of relations (3.9),â m,k+1 is is a left O(P θ )-module generated byx,ŷ,ẑ. ⊔ ⊓
We are now ready to construct a connected two-dimensional differential calculus
, Ω n (P θ ) = 0, for all n > 2, and define the product of elements in Ω 1 (P θ ), by
are derivations i.e. they satisfy the Leibniz rule. The factor i in the above formulae ensures that ∂ V,W • * = * • ∂ V,W . Furthermore ∂ V,W commute among themselves and anticommute with the automorphism σ (3.2), i.e.
define a complex. The combination of the derivation property of ∂ V,W together with the definition of multiplication in (3.10) ensure that the maps d satisfy the graded Leibniz rule. Clearly ∂ V (V m W n ) = ∂ W (V m W n ) = 0 if and only if m = n = 0, hence Ω(P θ ) is a connected calculus. With these at hand we can state Theorem 3.2. Ω(P θ ) is a connected integrable differential calculus, hence the noncommutative pillow algebra is differentially smooth.
Proof. In order to apply Lemma 2.8 we need to check if O(T
and that Ω(P θ ) is a differential calculus (not just a differential graded algebra) over O(P θ ). To check the former, observe that
. Straightforward calculations that use the defining relations of the noncommutative torus lead to the following relations supplementing (3.9) (3.13a)xx = xx,ŷx =λxŷ − (λ −λ)ẑ,ẑx = λxẑ + (λ −λ)ŷ.
In view of the definitions of ∂ V,W and d one finds (ix, 0) = dx and (0, iŷ) = dy. This observation combined with equations (3.9) and (3.13) yields
− is generated byx,ŷ,ẑ and d satisfies the Leibniz rule, this proves that
by (3.12). Hence
which implies that O(P θ )dO(P θ ) ∧ dO(P θ ) = O(P θ ) = Ω 2 (P θ ), as required for a differential calculus. Therefore, Lemma 2.8 implies that Ω(P θ ) is an integrable differential calculus (with integrating form 1) over the noncommutative pillow as required. ⊔ ⊓
where a m,n , b m,n are given by (3.4) andâ m,n ,b m,n are given by (3.7), the image of the divergence ∇ which obviously coincides with the image of d :
all elements of O(P θ ) except those that are in the subspace spanned by the identity, i.e. O(P θ ) = C ⊕ Im∇. Therefore coker∇ = C and the integral Λ : O(P θ ) → C comes out as Λ(a) = α, if a = α1, for α ∈ C 0, otherwise, i.e. it is equal to the trace on O(P θ ) obtained by the restriction of the trace on the noncommutative torus.
Remark 3.3. Theorem 3.2 can be also proven with the help of Lemma 2.9. The Z 2 -action on the noncommutative two-torus can be interpreted as the following coaction of CZ 2 on O(T 2 θ ),
where u is the generator of Z 2 , u 2 = 1. The coinvariant subalgebra coincides with O(P θ ). Equation (3.12) assures that this coaction is principal. Furthermore, it extends to the standard calculus Ω(T − is a non-free finitely generated projective left (resp. right) module over the non-commutative pillow algebra O(P θ ). Consequently, the cotangent bundle over P θ whose sections are given by Ω 1 (P θ ) is non-trivial.
Proof. The fact that O(T
− is a finitely generated projective left and right O(P θ )-module. The formula (3.12) yields the idempotent Thenτ restricted to the invariant subalgebra is a trace. For the automorphism (3.2), there are four linearly independent twisted traces (in addition to Λ) [31] :
whereᾱ = α mod 2 andβ = β mod 2. Evaluating the extension of these traces to the projector (3.14) we obtain the following results:
τ 00 (Tr e) = −1,τ 01 (Tr e) = 0,τ 10 (Tr e) = 0,τ 11 (Tr e) = 0.
It is the nontrivial value ofτ 00 on Tr e, which shows that the module O(T 2 θ ) − determined by e is non-free. Therefore, the module of sections of the cotangent bundle Ω 1 (P θ ), which is given as O(T [15] , by a complex structure on O(P θ ) corresponding to the differential calculus (Ω(P θ ), d) we understand the bi-grading decomposition of Ω(P θ ),
a * -algebra structure on Ω(P θ ) such that * :
, and the decomposi-
As explained in [15] , up to a conformal factor in a metric, the complex structure associated to the calculus on O(T 2 θ ) corresponding to derivations ∂ V and ∂ W is determined by derivations (3.16)
where τ ∈ C \ R. With the help of these derivations one constructs complex structures for the calculus Ω(P θ ) over the non-commutative pillow manifold as follows:
The * -structure on O(T 2 θ ) − is that of the * -structure of the noncommutative torus, while the * -structure on Ω (1,1) τ (P θ ) is opposite to that on O(P θ ). The holomorphic and anti-holomorphic differentials are
One can understand this complex structure as the decomposition of the differential d discussed in Section 3.1 as follows. Write (â,b) τ for an element of Ω
(P θ ) and ω τ ,ω τ for a basis of the direct sum Ω
Similarly, write (a, b) for an element of Ω 1 (P θ ) and ω V , ω W for a basis of the direct sum decomposition into the O(T 2 θ ) − . In this notation, for all a ∈ O(P θ ),
By comparing coefficients at ∂ V and ∂ W one arrives at the following invertible transformation
In particular, this interpretation guarantees that the differential graded algebra determined from Ω (p,q) τ (P θ ) is a differential calculus over O(P θ ).
3.3. Spectral geometry of the noncommutative pillow. In the classical situation the quotient of the torus by the action of the cyclic group Z 2 , which was described in Section 3.1, gives an orbifold with four corners. To see the striking difference between the commutative and noncommutative cases it is convenient to use the same language, adapted to describe both commutative and noncommutative manifolds. At present, the best candidate for such an approach is the notion of spectral triples [8] , which proposes a definition of Riemannian spin geometry based only on algebraic constructions.
In what follows, we shall briefly recall the construction of a spectral triple for the algebra of the noncommutative torus, then we shall find real spectral triples for the noncommutative pillow and see whether the axioms of spectral triples allow us to determine whether it is a manifold or an orbifold.
Let C ∞ (T θ ) denote the Fréchet algebra of smooth elements of the noncommutative torus, which contains all series m,n a mn V m W n with {a mn } m,n∈Z ∈ C a rapidly decreasing sequence. Fix ǫ = 0 or ǫ = . Consider a separable Hilbert space H with orthonormal basis e m,n , m, n ∈ Z+ǫ (so we have four possibilities) and the representation π of the algebra C ∞ (T θ ) given on the generators of the noncommutative torus as:
π(V )e m,n = e πiθn e m+1,n , π(W )e m,n = e −πiθm e m,n+1 .
Theorem 3.5 ([22]). The following datum (C
gives a real equivariant spectral triple over the noncommutative torus. Here, the representation of the algebra is taken to be diagonal, the operators γ and J are: γe m,n,± = ±e m,n,± , Je m,n,± = ∓e −m,−n,∓ , and the Dirac operator D is:
De m,n,− = (m + τ n)e m,n,+ , De m,n,+ = (m + τ * n)e m,n,− , for any τ with a non-zero imaginary part and such that |τ | = 1.
Observe that the four different possibilities for the choice of m, n (integer or halfinteger) correspond to four different spin structures over classical torus [22] . Next, following the ideas of [21] we can construct the restriction of these spectral triples to the invariant subalgebra of C ∞ (T θ ) with respect to the Z 2 -action determined by (the extension of) the automorphism σ (3.2). As the first step we lift the action to the Hilbert space H ⊗ C 2 .
Lemma 3.6. For any of the four spin structures and any τ , there exists a unique (up to sign) lift of the action of Z 2 to the Hilbert space (denoted by ρ), which commutes with J, D and γ and implements the action of σ (3.2) on the algebra C ∞ (T θ ), and it is given by: ρe m,n,± = ±e −m,−n,± .
The lemma is a direct consequence of the applications of Theorem 2.7 of [21] when one restricts only to the subalgebra of the noncommutative torus. As a consequence, we have:
Each of the spin structures over the noncommutative torus restricts to an irreducible real spectral triple over the algebra of the noncommutative pillow by taking
+ is the invariant subalgebra of (the extension of ) the automorphism σ (3.2), (H ⊗ C 2 ) + is the invariant part of the Hilbert space (the eigenspace of ρ with eigenvalue 1) and D, J, γ are restrictions of the operators to that space.
So far, we have constructed and classified all real spectral triples over the noncommutative pillow, which are restrictions of equivariant real spectral triples over noncommutative torus. Such construction guarantees that almost all conditions, which are satisfied for the spectral triple over the torus (such as finiteness and the behaviour of the spectrum of the Dirac operator, etc.) are automatically satisfied. There exists, however, one exception, which is the crucial element making it possible to distinguish manifolds from orbifolds. It is the orientability condition (see [24] ), which is satisfied for all commutative spectral geometries and for the noncommutative torus. The original condition requires an existence of a Hochschild cycle, so that its image under π gives the chirality operator γ (in the even-dimensional case). For the noncommutative pillow we can establish a milder version of the orientability condition, by constructing explicitly a cycle (though not a Hochschild cycle) whose image is the chirality operator γ.
Theorem 3.8. For any value of the conformal structure τ with the non-zero imaginary part, |τ | = 1, and any value of the deformation parameter λ = e 2πiθ , provided that
Let N be a positive integer. The coordinate algebra of the quantum cone O(C N q,κ ) is defined as a complex * -algebra generated by self-dual a and b, b * that satisfy relations
where q > 0, κ ∈ R are parameters and, for all n ∈ Z,
[n] q := 1 − q n 1 − q denotes q-integers. For N = 1, a linear basis of the space V(n) spanned by words of generators of length at most n is
Consequently, GKdim(O(C N q,κ )) = 2. For N = 1, a can be expressed in terms of bb * , so it becomes redundant. In this case we denote b = z and b * = z * . Then relations become
and the resulting algebra is the coordinate algebra of the quantum disc [16] , which we denote by O(D q,κ ). The linear basis is z i z * j , hence the quantum disc algebra has the Gelfand-Kirillov dimension two. The special case κ = 0 corresponds to the Manin quantum plane and the case q = 1 and κ = 0 corresponds to the Moyal deformation of the plane.
A differential * -calculus Ω(D q,κ ) on O(D q,κ ) is freely generated by one-forms dz and dz * subject to relations
and their * -conjugates; see e.g. [26] . Since Ω 1 (D q,κ ) is an O(D q,κ )-bimodule freely generated by dz and dz * , the commutation relations between dz and elements α of
Note that σ also satisfies the equality
Finally, the commutation rules (4.5) and (4.7) imply that d(α) = 0 if and only if α is a scalar multiple of the identity, i.e. the calculus Ω(
We define the calculus Ω(C 
The first two one-forms generate the holomorphic part of Ω 1 (C N q,κ ), while the other two generate the anti-holomorphic part.
is freely generated by the closed volume form dz ∧ dz * :
hence it can be identified with O(C Similarly, antiholomorphic forms are dz * α + , deg(α + ) = 1. This shows that
By relations (4.4), (4.5) and (4.7), (4.10)
In view of the isomorphism (4.9), the product rule (4.10) can be recast into the desired form
σ + = −qσ, σ − = σ, with σ given by (4.5) . In this way the thus constructed calculus over the quantum cone meets all the requirements of Lemma 2.8, and therefore it is integrable. ⊔ ⊓ Remark 4.2. The integrability of the calculi over the quantum cones can also be established by employing Lemma 2.9. The Z N -grading of O(D q,κ ) which yields O(C N q,κ ) can be interpreted as the group algebra CZ N -coaction Using (4.4) one easily checks that, for all k, l ∈ N, 
, where Θ −1 is the isomorphism constructed through Lemma 2.8, also ∇ is surjective. Consequently, the integral associated to ∇ vanishes everywhere on O(C N q,κ ). The divergence ∇ can be computed using the explicit form of the isomorphism Θ −1 constructed in the proof of Lemma 2.8. As the first step, define operations
where σ is given explicitly in (4.6). Both ∂ z and ∂ z * are twisted derivations, i.e. for all
and similarly for ∂ z * . In fact, they are q-derivations, i.e.
Choose r 
We note in passing that the first order calculus Ω 1 (D q,κ ) is the calculus associated to the twisted multi-derivation (∂ z , ∂ z * ) in the sense of [5, Section 3] , and, for N = 1, ∇ in (4.13) is exactly the divergence associated to such a calculus. For N = 1, (4.13) coincides with the induced divergence on the base space of a quantum principal bundle obtained by a method described in [5, Section 4] .
When κ = 0, relations (4.3) define the quantum plane. In this case, the Z N -grading is not strong (apart from the trivial case N = 1): there is no possible combination of z k z * k and z * N −k z N −k , k = 1, . . . , N − 1, with coefficients of degree zero that would give the identity element. Furthermore dzz * and dz * z are not elements of Ω 1 (C N q,0 ) (although their linear combination dzz (D 1,κ ) is the algebra of the Moyal plane, which could be also studied from the angle of spectral triples. First, observe that the algebra C ∞ (D 1,κ ) of series a m,n z m z * n with rapidly decreasing coefficients is a subalgebra of S(R 2 ), Schwartz functions on the plane with the product defined through oscillating integral,
It is easy to see that the action of the cyclic group Z N on the space of Schwartz functions:
is an automorphism of this algebra. Consider the invariant subalgebra S(R 2 ) Z N as the algebra of smooth functions on the Moyal cone. We can now take the spectral triple for the Moyal plane, as constructed in [13] . Using the same procedure as in the case of the noncommutative pillow, we lift the action of Z N to the Hilbert space, the latter being just
The spectral triple over the Moyal plane is constructed with the diagonal action of the algebra by left Moyal-multiplication and the Dirac operator and chirality operator of the form
Since we can decompose the Hilbert space into a direct sum of spaces on which the group Z N acts by multiplication by different roots of unity, it is easy to construct a subspace, which is preserved both by the Dirac operator and by the action of the invariant subalgebra. The restriction of the original spectral triple to that subspace gives a spectral triple for the Moyal cone. If we try to consider a nondegenerate (Hochschild) cycle for the Moyal cone we need to observe first that its construction for the Moyal plane is, in fact, based on the Weyl algebra of plane waves in the multiplier of the Moyal algebra. However, since there are no plane waves which are in the multiplier of the invariant subalgebra of the Moyal cone one cannot use such construction.
On the other hand we are dealing here with the case of spectral triples over a locally compact noncommutative space, so we might relax the conditions and demand that the cycle exists in the algebra of unbounded multiplier of the invariant algebra. Although to show the existence for any N appears to be rather a challenge, we shall demonstrate in the case of N = 2 that this indeed is possible. Lemma 4.3. Let N = 2 and S(R 2 ) Z 2 be the algebra of the Moyal cone with the spectral triple as above. Then the following cycle gives the volume form γ:
The proof is by explicit computation and making an Ansatz that the cycle is at most linear in each entry in the generators a, b, b * of the cone algebra O(C 2 q,0 ). Observe that again, similarly as in the case of the noncommutative pillow, the above cycle has a nonvanishing image only if κ = 0 and that again the solution is not unique. For this particular Ansatz there are no Hochschild cycles, which would give γ.
We believe that the construction of such cycles is possible in the noncommutative case for every Moyal cone, it is again an open and challenging problem to prove it for every N and to determine whether it is possible to find a Hochschild cycle, which gives the orientation.
5. Three-dimensional integrable differential calculi over quantum lens spaces
The aim of this section is to prove differential smoothness of quantum lens spaces by constructing quantum principal bundles over them with integrable differential calculi that satisfy assumptions of Lemma 2.9.
The coordinate algebra O(L q (N; 1, N)) of the quantum lens space L q (N; 1, N) is a * -algebra generated by ξ, ζ subject to relations
where q ∈ (0, 1); see [14] . In the classical limit q = 1, this is a coordinate algebra of a singular lens space. A linear basis of the space V(n) spanned by words in generators ξ, ξ * , ζ, ζ * of length at most n is
O(L q (N; 1, N) ) embeds as a * -algebra into O(SU q (2)), the coordinate algebra of the quantum group SU q (2). O(SU q (2)) is a * -algebra generated by α and β subject to the following relations
where q ∈ (0, 1); see [32] . The embedding O(L q (N; 1, N 
Henceforth we view O(L q (N; 1, N) ) as a subalgebra of O(SU q (2)) via the embedding (5.4). Next we construct a differential calculus on O(L q (N; 1, N) ) as the restriction of the left covariant three-dimensional calculus Ω(SU q (2)) of Woronowicz [33] over
. Ω(SU q (2)) is a connected * -calculus generated by one-forms ω 0 , ω ± , that satisfy the following relations:
and their * -conjugates with ω * 0 = −ω 0 , ω * − = qω + . The differential is given by
This is a calculus over O(SU q (2)), since
by (5.6a) and (5.3).
Theorem 5.1. For all values of q ∈ (0, 1) and (N; 1, N) ) is a differentially smooth algebra.
Proof. As explained in [3, Theorem 2], O(SU q (2)) can be made into a principal CZ Ncomodule algebra with coinvariants equal to O(L q (N; 1, N) ). The Hopf * -algebra CZ N is generated by a unitary group-like element u such that u N = 1. The CZ N -coaction is a * -algebra map given on the generators of O(SU q (2)) by (5.7)
α → α ⊗ u, β → β ⊗ 1.
The coinvariant subalgebra is generated by β, α N and thus can be identified with O(L q (N; 1, N) ) by (5.4) . Ω(SU q (2)) is a CZ N -covariant calculus by the * -coaction
It is shown in [5, Section 4.1] that Ω(SU q (2)) is integrable with the integrating volume form ω = ω − ∧ ω 0 ∧ ω + . Thus we are in a situation to which Lemma 2.9 can be applied provided the assumptions (a)-(c) are satisfied. First we look at the coinvariant part of Ω(SU q (2)) and study it degree by degree. The coinvariant part of Ω 1 (SU q (2)) can be identified with (N; 1, N) ).
Thus suffice it to show that ω 0 , α * ω + , α N −1 ω + , αω − , α * N −1 ω − ∈ Ω 1 (L q (N; 1, N) ), i.e. that each of these forms can be expressed as linear combinations of bdb (N; 1, N) ). Starting with the second of the relations (5.6a) and its * -conjugate and using commutation rules (5.5), (5.3) we find βdβ * = ββ * ω 0 + q 2 βα * ω + , dβ * β = q 2 ββ * ω 0 + q 2 βα * ω + .
Hence βα * ω + = 1 q 2 − 1 βdβ (N; 1, N) ).
Consequently, also ββ * ω 0 ∈ Ω 1 (L q (N; 1, N) ). (N; 1, N) ). The * -conjugate of the second of equations (5.6a) implies that α * ω + ∈ Ω 1 (L q (N; 1, N) ) too. Again using the * -conjugate of the second of equations (5.6a) as well as relations (5.5), (5.3) we find (N; 1, N) ).
Taking the suitable * -conjugates we conclude, therefore, that all the generating forms of Ω 1 (SU q (2)) coCZ N are elements of Ω 1 (L q (N; 1, N)), i.e.
as required. Next, studying the two-forms one finds that the coinvariant part of Ω 2 (SU q (2)) is (N; 1, N) ).
All but the first of these generating two-forms are obtained as products of one-forms which have already been shown to be in Ω 1 (L q (N; 1, N)); thus they are elements of Ω 2 (L q (N; 1, N) ). Using relations (5.3b) and (5.5) one easily finds that
Hence also ω − ∧ω + is a linear combination of products of one-forms in Ω 1 (L q (N; 1, N) ), thus it is in Ω 2 (L q (N; 1, N) ). This proves that (N; 1, N) ).
Finally, the volume form ω = ω − ∧ ω 0 ∧ ω + is the product of forms in Ω(L q (N; 1, N)), thus both the coinvariant part of Ω 3 (SU q (2)) equals Ω 3 (L q (N; 1, N) ) and ω is coinvariant. Therefore, assumptions (a)-(b) of Lemma 2.9 are satisfied.
To check the assumption (c) it might be convenient to interpret the CZ N coaction in terms of the Z N -grading. In that way Ω(SU q (2)) is a Z N -graded algebra with the * -compatible grading given on generators by deg(α) = deg(ω + ) = 1, deg(β) = deg(ω 0 ) = 0.
As is shown above, Ω(L q (N; 1, N) ) is the degree-zero subalgebra of Ω(SU q (2)). Take any ω ′ = a − ω − +a 0 ω 0 +a + ω + ∈ Ω 1 (SU q (2)) and assume that, for all ω ′′ ∈ Ω 2 (L q (N; 1, N) ), (N; 1, N) ), i.e. deg(ω ′ ∧ ω ′′ ) = 0. In particular, taking ω ′′ = ω − ∧ ω + we find 0 = deg(ω ′ ∧ ω − ∧ ω + ) = deg(a 0 ω 0 ∧ ω − ∧ ω + ) = deg(a 0 ).
Similarly, by taking ω ′′ = α * ω 0 ∧ ω + and ω ′′ = αω − ∧ ω 0 , one finds that deg(a ∓ ) = ±1. Therefore, deg(ω ′ ) = 0, as required.
In a similar way, assuming that ω ′ = a − ω 0 ∧ω + +a 0 ω − ∧ω + +a + ω − ∧ω 0 ∈ Ω 2 (SU q (2)) is such that for all ω ′′ ∈ Ω 1 (L q (N; 1, N) ), ω ′ ∧ ω ′′ ∈ Ω 3 (L q (N; 1, N) ), and choosing ω ′′ to be ω 0 , α * ω + and αω − , one finds that deg(a 0 ) = 0 and deg(a ± ) = ±1. Therefore, deg(ω ′ ) = 0, as needed. This proves that assumption (c) of Lemma 2.9 is also satisfied, and, consequently, Ω(L q (N; 1, N) ) is a three-dimensional integrable calculus, as needed.
⊔ ⊓
The divergence on O(SU q (2)) corresponding to the 3D-calculus was derived in [5, Section 4.1]. The corresponding divergence on O (L q (N; 1, N) ), computed from the formula (2.21) comes out as, for all φ ∈ I 1 (L q (N; 1, N) ),
where ∂ i are defined by da = ∂ i (a)ω i . The mapsφ are defined by (2.17) and can be computed in terms of φ:
where x i , y i ∈ C are solutions of N; 1, N) ) is the restriction of the Haar integral on SU q (2):
and zero on all other elements ξ i ζ j ζ * k , ξ * i+1 ζ j ζ * k , i, j, k, ∈ N, j = k of the linear basis (5.2) for O(L q (N; 1, N) ).
